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Abstract
A terrace for Zn is a particular type of sequence formed from the n elements of Zn. For n odd, many procedures are available
for constructing power-sequence terraces for Zn; each such terrace may be partitioned into segments one of which contains merely
the zero element of Zn, whereas each other segment is either (a) a sequence of successive powers of a non-zero element of Zn
or (b) such a sequence multiplied throughout by a constant. We now extend this idea by using power-sequences in Zn to produce
some terraces for Zn+1 where n is an odd prime power satisfying n ≡ 1 or 3 (mod 8). Each terrace now consists of a sequence of
segments, one containing merely the element 0 and another merely containing the element n, the remaining segments each being
of type (a) or (b) above with each of its distinct entries i from Zn\{0} evaluated so that 1 in − 1. The terraces constructed are
da capo directed terraces, i.e. each terrace (a1, a2, . . . , an+1) has ai − ai−1 = −(ai+m − ai−1+m) for all i satisfying 2 ≤ i ≤ m
where m = (n + 1)/2.
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1. Basic deﬁnitions and notation
Let G be a ﬁnite group of order n with identity element e and with multiplication as the group operation. Let
a = (a1, a2, . . . , an) be an arrangement of the elements of G, and let b = (b1, b2, . . . , bn−1) be the ordered sequence
where bi = a−1i ai+1 for i = 1, 2, . . . , n − 1. The arrangement a is a terrace [6,8] for G, with b as the corresponding
2-sequencing or quasi-sequencing for G, if b contains exactly one occurrence of each element x ∈ G\{e} that satisﬁes
x = x−1, and if, for each x ∈ G that satisﬁes x = x−1, the sequence b contains exactly two occurrences of x but none
of x−1, or exactly two occurrences of x−1 but none of x, or exactly one occurrence of each of x and x−1. (Sometimes
e is inserted as an additional element at the start of b, but this practice is inconvenient for present purposes.) If the
elements of a 2-sequencing b are distinct, the corresponding terrace a is said to be directed [6, p. 325].
Terraces are used in the construction of combinatorial designs whose properties involve relationships between
neighbouring entries (see [7,9], for example).
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If G is Zn, with addition as the group operation, then x−1 in the above becomes −x, and the elements of the
2-sequencing are given by bi = ai+1 − ai (i = 1, 2, . . . , n − 1).
Anderson and Preece [1–4] gave many general constructions for power-sequence terraces for Zn where n is odd.
Each of these terraces can be partitioned into segments one of which contains merely the zero element of Zn, whereas
each other segment is either (a) a sequence of successive powers of an element of Zn\{0}, or (b) such a sequence
multiplied throughout by a constant. Many of the sequences x0, x1, . . . , xs−1 (mod n) of distinct elements are “full-
cycle” sequences such that xs ≡ x0 (mod n), but partial cycles are used too.
The techniques used in [1–4] are not adaptable to produce terraces from power-sequences in Zn where n is even.
However, sequences of powers of non-zero elements ofZn (mod n) can also readily be used (perhaps counter-intuitively)
to construct terraces for Zn−2, Zn−1, Zn+1 and Zn+2. This can be illustrated by simple examples. Write the sequence
20, 21, . . . , 29 (mod 11) so that each of its elements 2i lies in {1, 2, . . . , 10}:
1 2 4 8 5 10 9 7 3 6. (1)
Sequence (1) can now be interpreted as an arrangement of the elements of Z10 (the zero element of Z10 being written
as 10 here); as such, the sequence is a terrace for Z10 (see [5]). Now write the sequence 2−1, 20, 21, . . . , 28 (mod 11),
again with 0< 2i < 11 for all i, and append the element 0:
6 1 2 4 8 5 10 9 7 3 | 0. (2)
Sequence (2) can be interpreted as an arrangement of the elements of Z11; as such, it is a terrace for Z11. Now insert
an element 11 in the middle of the power-sequence in (2):
6 1 2 4 8 | 11 | 5 10 9 7 3 | 0. (3)
Sequence (3) can be interpreted as a terrace for Z12. Now, on the front of (3), put an element 12:
12 | 6 1 2 4 8 | 11 | 5 10 9 7 3 | 0. (4)
Clearly (4) can be interpreted as a terrace for Z13. Finally, reverse the second half of (1) and omit the entry 10, to give
1 2 4 8 5 | 6 3 7 9. (5)
Clearly (5) can be viewed as a terrace for Z9. Thus we have used sequences of powers of 2 (mod 11) to construct terraces
for Z9, Z10, Z11, Z12 and Z13. In particular, for n = 11, we have obtained the Zn+1 terrace (3) which arises from our
Theorem 2.1 below.
In using power-sequences in Zn to construct a terrace for Zn+1, our general approach is to use the power-sequences to
produce all elements of Zn\{0}, each such element x always being written so as to satisfy 0<x <n. Then we introduce
two further elements 0 and n to produce a sequence where each element y of Zn+1 occurs exactly once, written with
0y <n + 1. These two extra elements are, of course, both congruent to 0 (mod n), so our ﬁnal sequence has two
zeros when viewed modulo n. To avoid confusion when the construction of a Zn+1 terrace is speciﬁed in terms of
operations in Zn, we represent the two zeros as 00 and 0n, the subscript in each denoting the value to be taken when
the terrace-sequence is interpreted modulo n + 1. We write
Z⊕n = (Zn\{0}) ∪ {00} ∪ {0n},
where each element x from Zn\{0} is written with 0<x <n. When we consider our terrace-sequences modulo n, we
regard 0n as being the negative of 00; thus, in the Z12 terrace (3), the ith entry (i = 1, 2, . . . , 6) is, modulo 11, the
negative of the (i+6)th entry. The roles of 00 and 0n in our constructions can be visualised by thinking of the successive
elements of Zn as the successive beads on a necklace, save that the zero element is the necklace’s clasp; when the clasp
is opened, its two parts become 00 and 0n.
There are very many ways of using our general approach to construct Zn+1 terraces from power-sequences in Zn.
This paper restricts itself to so constructing directed Zn+1 terraces in each of which the ith entry (i=1, 2, . . . , (n+1)/2)
is, modulo n, the negative of the (i + (n + 1)/2)th entry. For each such terrace we say that the last (n + 1)/2 entries
constitute the negative echo of the ﬁrst (n + 1)/2 entries. Clearly, any such terrace a1, a2, . . . , an+1 must have
ai − ai−1 = −(ai+(n+1)/2 − ai−1+(n+1)/2)
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for all i satisfying 2 i(n + 1)/2, and must have
a(n+3)/2 − a(n+1)/2 ≡ (n + 1)/2,
modulo n + 1; it is therefore a directed terrace. As the differences ai − ai−1 (2 in + 1) repeat themselves in order,
apart from a change in sign, once the half-way point in the terrace is passed, we say that the terrace is a da capo directed
terrace. (In musical terminology, da capo means “go back to the beginning”.) Clearly the reverse of a da capo directed
terrace is a da capo directed terrace. Also, the sequence obtained by interchanging the two halves of a da capo directed
terrace is a da capo directed terrace. We now show that a da capo directed terrace for Zn+1 can exist only if n ≡ 1 or
3 (mod 8).
Lemma 1.1. Suppose that a da capo directed terrace exists for Zn+1 where n is an odd positive integer. Then n ≡ 1
or 3 (mod 8).
Proof. Any da capo directed terrace (or its reverse) for Zn+1 is of the form
 . . . ((n − 1)/2 − ) ‖ (n − ) . . . ( + (n + 1)/2),
where 0< <n+ 1. As 1+ 2+ · · · + (n− 1)/2= (n2 − 1)/8 and the differences in the left-hand half of the sequence
are ±1,±2, . . . ,±(n − 1)/2, we must have (n − 1)/2 − 2 ≡ (n2 − 1)/8 (mod 2), i.e. n2 − 4n + 3 ≡ 0 (mod 16),
whence we have n ≡ 1 or 3 (mod 8). 
This paper is further restricted to those da capo directed terraces for which n is an odd prime power, and to
constructions that are fruitful in the range 2<n< 750. The constructions cover sufﬁciently many primes in this
range to merit attention, and involve an attractive mix of ingenuity and simplicity. Within the range just mentioned,
there are several n-values that are each covered by two of our constructions; in most such instances the two different
constructions produce terraces with fundamentally different structures.
Each of our da capo directed terraces includes a segment containing just 00 and another segment containing just
0n. In each other segment, each successive element is obtained from the previous element by multiplying by 2 or by
2−1 (mod n). Thus, if two successive elements in a segment are ai and ai+1, one or other of the differences ai+1 −ai or
ai − ai+1 is congruent to di (mod n) where 0<di <n/2, and that same difference is also congruent to di (mod n+ 1).
Consequently, the within-segment differences between successive elements can be said to be undisturbed by the change
from construction modulo n to interpretation modulo n + 1.
As in our previous papers, we separate two adjoining segments of a terrace by a fence |; we now mark the half-way
point of a da capo directed terrace with a double fence ‖. In each of our constructions, a segment containing more
than one element comprises the elements of either a full-cycle or a half-cycle of elements modulo n; when displaying
a terrace, we ﬁnd it helpful to begin and end a half-cycle segment with a colon, so that the Z12 terrace (3) becomes
: 6 1 2 4 8 : | 11 ‖ : 5 10 9 7 3 : | 0
= : 6 1 2 4 8 : | 11 ‖ negative echo. (6)
Our general approach to obtaining sequences that are indeed terraces is similar to that adopted in our previous
papers. So we merely give an informal account now. In the Z12 terrace above, the cycle 20, 21, . . . , 29 (mod 11) (and
then back to 20) has been broken in two places, namely between 8 and 5 (with difference 8 − 5 = 3) and between 3
and 6 (with difference 6 − 3 = 3), so that two differences 3 (mod 11 and thereforemod 12) have been lost; we here
use the convention, followed below, of taking a difference in whichever direction (right-minus-left or left-minus-right)
yields a positive value less than or equal to (n + 1)/2. The lost differences must be restored by providing two fence
differences of 3 (mod 12, but not necessarily mod 11); this is done at the ﬁrst and last fence. In general, of course, the
difference (modn + 1) at the double fence must be (n + 1)/2; the other fence differences (whether right-minus-left
or left-minus-right) must be those needed to compensate for differences lost where cycles are split. Sometimes, in
compensating for a lost difference d, where 0<d <n/2, a construction provides a fence difference that is indeed d
modulo n + 1 but is d − 1 modulo n; we describe such a compensating difference as a raised difference, as its value
is raised when we advance our workings from modulo n to modulo n + 1. Our Theorem 2.3 below relies on a raised
difference at the second fence in the general terrace.
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2. Zn+1 terraces for primes n
We ﬁrst consider primes n that have 2 as a primitive root. Such primes must have n ≡ 3 or 5 (mod 8). We are thus
restricted to n ≡ 3 (mod 8).
Theorem 2.1. Let n be a prime, n ≡ 3 (mod 8), having 2 as a primitive root. Consider the sequence
: 2−1 20 21 . . . 2(n−5)/2 : | 0n ‖ negative echo,
where each element is evaluated,modulo n,within the interval [0, n].When interpreted modulo n+1, this arrangement
of the elements of Z⊕n is a da capo directed terrace for Zn+1.
Proof. The sequence is
: (n + 1)/2 1 2 . . . (3n − 1)/4 : | n ‖ : (n − 1)/2 . . . (n + 1)/4 : | 0.
Themissing differences are both 2(n−5)/2, i.e. (n+1)/4, which are compensated for at the fences. Clearly the difference
(n + 1)/2 occurs, modulo n + 1, at the double fence. 
Example 2.1. For n = 11, Theorem 2.1 gives the Z12 da capo terrace (6) above.
We now, in Theorems 2.2 and 2.3, consider primes n with ordn(2) = (n − 1)/2. For these primes, 2 is a square in
Zn. This restricts us to n ≡ 1 or 7 (mod 8), and hence to n ≡ 1 (mod 8). For such n, the element −1 is a square in Zn,
with −1 ≡ 2(n−1)/4 (mod n). Theorem 2.3 puts the elements 00 and 0n on the ends of the terraces that are obtained;
Theorem 2.2 does not.
Theorem 2.2. Let n be a prime such that n ≡ 1 (mod 8) and ordn(2) = (n − 1)/2. Let g be an odd integer, 0<g <
(n − 1)/2, such that precisely one of g and 2g + 1 is a square in Zn. Consider the sequence
: g · 20 g · 21 . . . − g · 2−1 : | 00 |
: (2g + 1) · 2−2 (2g + 1) · 2−3 . . . − (2g + 1) · 2−1 : ‖ negative echo,
where each element is evaluated,modulo n,within the interval [0, n].When interpreted modulo n+1, this arrangement
of the elements of Z⊕n is a da capo directed terrace for Zn+1.
Proof. The choice of g ensures that one of the sets g〈2〉 and (2g + 1)〈2〉 consists of the squares in Zn, and the other
consists of the nonsquares. The missing differences in the ﬁrst two non-trivial segments are compensated for by the ﬁrst
two fence differences provided that both these lie in [0, (n − 1)/2]; but −g · 2−1 = n − (n + g)/2 = (n − g)/2<n/2,
and (2g + 1) · 2−2 = (2g + 1 + n)/4<n/2. The difference at the double fence is (n − g) − (n − (2g + n + 1)/2)=
(n + 1)/2. 
Note (a): A solution with g = 1 requires that 3 is a nonsquare in Zn, and thus that n ≡ 17 (mod 24). A solution with
g = 3 requires either (i) that 3 is a square and 7 a nonsquare, and thus that n ≡ 73, 97 or 145 (mod 168), or (ii) that 3 is
a nonsquare and 7 a square, and thus that n ≡ 65, 113 or 137 (mod 168). A solution with g = 5 requires either (i) that
5 is a square and 11 a nonsquare, and thus that
n ≡ 41, 129, 161, 241, 249, 281, 321, 329, 369 or 409 (mod 440)
or (ii) that 5 is a nonsquare and 11 a square, and thus that
n ≡ 97, 113, 137, 177, 257, 273, 313, 353, 377 or 433 (mod 440).
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In the range 0<n< 750, Theorem 2.2 provides Zn+1 da capo directed terraces as follows:
g n
1 17, 41, 137, 401, 449, 521, 569
3 97, 137, 313, 401, 409, 449, 569
5 41, 97, 137, 313, 409, 569
7 193
9 41, 97, 193, 401, 409, 449, 521, 569
Note (b): For each possible g, the value g′ = (n − 1)/2 − g is another possible choice. The terrace obtained from g′
is the negative reverse of the terrace obtained from g.
Example 2.2. For n = 17, Theorem 2.2 with g = 1 provides the Z18 da capo directed terrace
: 1 2 4 8 : | 0 | : 5 11 14 7 : ‖ : 16 15 13 9 : | 17 | : 12 6 3 10 : .
Theorem 2.3. Let n be a prime, n ≡ 17 or 33 (mod 40), such that ordn(2) = (n − 1)/2. Consider the sequence
00 | : −5 · 2−2 − 5 · 2−3 . . . + 5 · 2−1 : | : 20 21 . . . − 2−1 : ‖ negative echo,
where each element is evaluated,modulo n,within the interval [0, n].When interpreted modulo n+1, this arrangement
of the elements of Z⊕n is a da capo directed terrace for Zn+1.
Proof. The relationship n ≡ 17 or 33 (mod 40) ensures that 5 /∈ 〈2〉. The sequence is
0 | : (n − 5)/4 . . . (n + 5)/2 : | : 1 2 . . . (n − 1)/2 : ‖ n | . . . .
The differences missing from within the segments are (n − 5)/4 and (n − 1)/2. The ﬁrst of these is straightforwardly
compensated for at the ﬁrst fence; the second is compensated for at the second fence by the raised difference given,
modulo n + 1, by 1 − (n + 5)/2 = (n + 2) − (n + 5)/2 = (n − 1)/2. Clearly the difference (n + 1)/2 occurs, modulo
n + 1, at the double fence. 
Example 2.3. For n = 17, Theorem 2.3 provides the Z18 da capo directed terrace
0 | : 3 10 5 11 : | : 1 2 4 8 : ‖ 17 | : 14 7 12 6 : | : 16 15 13 9 : .
We now provide two theorems for primes n such that ordn(2) = (n − 1)/3. Our Theorem 2.4, like Theorem 2.2
above, produces terraces that do not have a zero at the end, and provides a good coverage of values of n. However,
our Theorem 2.5, which extends the type of construction used in Theorem 2.3 and which again produces terraces with
zeros at the ends, covers only one n-value in the range 2<n< 750.
Theorem 2.4. Let n be a prime, n ≡ 19 (mod 24), such that ordn(2) = (n − 1)/3. Consider the sequence
: 20c 2−1c . . . − 21c : | : 20d 21d . . . − 2−1d : | 0n |
: 20f 2−1f . . . − 21f : ‖ negative echo,
where each element is evaluated, modulo n, within the interval [0, n] and where
(i) c is an odd integer satisfying (n + 2)/3c < (n − 1)/2,
(ii) d = 2n + 1 − 3c,
(iii) f = (2c + 1)2−2, modulo n, with 0<f <n, and
(iv) Zn\{0} = c〈2〉 ∪ d〈2〉 ∪ f 〈2〉.
When interpreted modulo n + 1, this arrangement of the elements of Z⊕n is a da capo directed terrace for Zn+1.
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Proof. As n ≡ 3 (mod 4) and c is odd, we have f = (2c + 1) · 2−2 = (3n + 2c + 1)/4>n/2 as required for the
fence difference with 0n to be undisturbed. Also −2−1d = n − (2n + 1 − 3c)/2 = (3c − 1)/2>n/2. The differ-
ence at the double fence is n − c − (n − (n + 2c + 1)/2) = (n + 1)/2, and the difference at the ﬁrst fence is
d − (n − 2c) = n + 1 − c, which, as a raised difference, compensates for the difference c missing from the ﬁrst
segment. 
Note (a): Specimen values of c for values of n covered by Theorem 2.4 in the range 2<n< 750 are as follows:
n 43 283 307 499 643 691 739
c 15, 19 95, 99 119, 125 211, 213 237, 299 231, 259 267, 279
Note (b): If Zn\{0} = 〈2〉 ∪ 3〈2〉 ∪ 7〈2〉, we can take c to satisfy c ≡ 3−1 · 2 (mod n). This arises for n = 43 (with
c = 15), n = 283 (with c = 95), and n = 691 (with c = 231).
Example 2.4. For n = 43 with c = 19, Theorem 2.4 gives the Z44 da capo directed terrace
: 19 31 . . . 5 : | : 30 17 . . . 28 : | 43 | : 42 21 . . . 2 : ‖ negative echo.
Theorem 2.5. Let n be a prime, n ≡ 19 (mod 24), such that ordn(2) = (n − 1)/3 and Zn\{0} = 〈2〉 ∪ 5〈2〉 ∪ 17〈2〉.
Consider the sequence
00 | : 17 · 2−2 17 · 2−3 . . . − 17 · 2−1 : |
: −5 · 20 − 5 · 21 . . . + 5 · 2−1 : | : 20 21 . . . − 2−1 : ‖ negative echo,
where each element is evaluated,modulo n,within the interval [0, n].When interpreted modulo n+1, this arrangement
of the elements of Z⊕n is a da capo directed terrace for Zn+1.
Proof. The differences at the second and third fences are both raised differences. Once this is noted, the proof is a
straightforward extension of the proof of Theorem 2.3. 
Note (a): Themultipliers 1, 5 and 17 in the successive segments to the left of the double fence come from the sequence
m1,m2, . . . with m1 =1 and mi+1 =3mi +2 (i1).We refer to this sequence again later, in Note (a) to Theorem 2.10.
Note (b): In the range 2<n< 750, Theorem 2.5 covers only the value n = 43. Outside the range, the next value
covered is n = 811.
Example 2.5. For n = 43, Theorem 2.5 provides the Z44 da capo directed terrace
0 | : 15 29 . . . 13 : | : 38 33 . . . 24 : | : 1 2 . . . 21 : ‖ negative echo.
We now move on to three general theorems covering prime values n such that ordn(2)< (n − 1)/2. These theorems
require n to be such that Zn\{0}= 〈2, 3〉 but, in the range 2<n< 750, this condition excludes few n-values that would
otherwise be covered. The ﬁrst of the three theorems covers only two n-values in our chosen range, but an understanding
of the construction in this theorem makes the subsequent constructions easier to grasp. The theorem requires 2 to be a
square and 3 a nonsquare in Zn, and n ≡ 1 (mod 4), whence n ≡ 17 (mod 24).
Theorem 2.6. Let n be a prime, n ≡ 17 (mod 24), such that ordn(2)= (n−1)/2hwhere h is even, h> 2,with −1 /∈ 〈2〉
and Zn\{0} = 〈2, 3〉. Suppose that there exists an element c of Zn\{0}, c = 2−1 = (n + 1)/2, such that the elements
30c, 31c, . . . , 3h−2c are all odd when interpreted, modulo n, in the interval (0, n). Working modulo n, with c still
taking its value from (0, n), write d = −(2c ± 1) · 2−2, with d ∈ (0, n), according as 0<c<n/2 or n/2<c<n.
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Suppose that d ∈ 3−1c〈2〉. Consider the sequence
30 · 20c 30 · 2−1c . . . 30 · 2+1c | 31 · 20c 31 · 2−1c . . . 31 · 2+1c |
. . . | 3h−3 · 20c 3h−3 · 2−1c . . . 3h−3 · 2+1c | 3h−2 · 20c 3h−2 · 2+1c . . . 3h−2 · 2−1c |
0n | 20d 2−1d . . . 2+1d ‖ negative echo,
where each element is evaluated,modulo n,within the interval [0, n].When interpreted modulo n+1, this arrangement
of the elements of Z⊕n is a da capo directed terrace for Zn+1.
Proof. The choice of d ensures that the difference (n+1)/2 occurs at the double fence, and that both d and 3h−2 ·2−1c
are greater than n/2, as is required for non-raised differences around 0n. The ﬁrst h − 2 segments on the left are,
with the next entry, of the form x . . . 2x | 3x, and the oddness of x ensures, as in [4, Theorem 4.10], that no fence
difference is affected by moving from calculations modulo n to calculations modulo n + 1. As in [4], each such x
satisﬁes 0<x <n/3 or 2n/3<x <n, as 3x otherwise takes the even value 3x − n. 
Note: In the range 2<n< 750, Theorem 2.6 provides Zn+1 terraces for n = 89 and 233 only, each with h = 4. For
each of these n-values we may take c = 3 · 2−2 (mod n), i.e. c = 23 for n = 89, and c = 59 for n = 233. (The value
c = 3 · 2−2 is also of special interest in Theorems 2.7 and 2.8.) For n = 89, other possible values of c are 27 and 61;
for n = 233, other possible values of c are 11 and 209.
Example 2.6. For n = 89 with c = 27, Theorem 2.6 provides the Z90 da capo directed terrace
27 58 . . . 54 | 81 85 . . . 73 | 65 41 . . . 77 | 89 | 53 71 . . . 17 ‖ negative echo.
The next theorem requires 2 and −1 to be squares in Zn and 3 to be a nonsquare, whence n ≡ 17 (mod 24) again.
Theorem 2.7. Let n be a prime, n ≡ 17 (mod 24), such that ordn(2) = (n − 1)/k where k is even, k > 2, with
−1 ∈ 〈2〉 and Zn\{0} = 〈2, 3〉. Suppose that there exists an element c of Zn\{0}, c = (n+ 1)/2, such that the elements
30c, 31c, . . . , 3k−2c are all odd when interpreted, modulo n, in the interval (0, n). Working modulo n, and still letting
c take its value from the interval (0, n), write d = −(2c ± 1) · 2−2, with d ∈ (0, n), according as 0<c<n/2 or
n/2<c<n. Suppose that d ∈ 3−1c〈2〉. Consider the sequence
: (−3)0 · 20c (−3)0 · 2−1c . . . − (−3)0 · 2+1c : |
: (−3)1 · 20c (−3)1 · 2−1c . . . − (−3)1 · 2+1c : |
: . . . : |
: (−3)k−3 · 20c (−3)k−3 · 2−1c . . . − (−3)k−3 · 2+1c : |
: (−3)k−2 · 20c (−3)k−2 · 2+1c . . . − (−3)k−2 · 2−1c : |
00 | : −20d − 2−1d . . . + 2+1d : ‖ negative echo,
where each element is evaluated,modulo n,within the interval [0, n].When interpreted modulo n+1, this arrangement
of the elements of Z⊕n is a da capo directed terrace for Zn+1.
Proof. Similar to the proof of Theorem 2.6. Here the segments on the left are of the form x . . . − 2x | − 3x with x
and −3x of different parity and, as in Theorem 2.6, each x satisﬁes 0<x <n/3 or 2n/3<x <n. Also, both −d and
−(−3)k−2 · 2−1c are less than n/2, as required for non-raised differences around 00. 
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Note: In the range 2<n< 750, Theorem 2.7 provides Zn+1 terraces as follows:
n k Can we take c = 3 · 2−2 (mod n)? Other specimen values of c
113 4 Yes (c = 29) 3, 11
257 16 No None
281 4 Yes (c = 71) 63, 205
353 4 Yes (c = 89) 5, 25
593 4 Yes (c = 149) 21, 591
617 4 Yes (c = 155) 11, 51
641 10 No 145 only
The large k-value of 16 is a warning that the theorem might well fail for n = 257.
Example 2.7. For n = 113 with c = 3, Theorem 2.7 provides the Z114 da capo directed terrace
: 3 58 . . . 107 : | : 104 52 . . . 18 : | : 27 54 . . . 43 : | 0 |
: 30 15 . . . 53 : ‖ negative echo.
In the next theorem, 2 is a nonsquare in Zn, so that n ≡ 3 or 5 (mod 8), whence n ≡ 3 (mod 8).
Theorem 2.8. Let n be a prime,n ≡ 3 (mod 8), such that ordn(2)=(n−1)/k where k is odd, k > 1,withZn\{0}=〈2, 3〉.
Suppose that there exists an element c ofZn\{0}, such that the elements30c, 31c, . . . , 3k−2c are all oddwhen interpreted,
modulo n, in the interval (0, n). Working modulo n, and still letting c take its value from the interval (0, n), write
d = (2c ± 1) · 2−2, with d ∈ (0, n), according as 0<c<n/2 or n/2<c<n. Suppose that d ∈ 3−1c〈2〉. Consider the
sequence
: (−3)0 · 20c (−3)0 · 2−1c . . . − (−3)0 · 2+1c : |
: (−3)1 · 20c (−3)1 · 2−1c . . . − (−3)1 · 2+1c : |
: . . . : |
: (−3)k−3 · 20c (−3)k−3 · 2−1c . . . − (−3)k−3 · 2+1c : |
: (−3)k−2 · 20c (−3)k−2 · 2+1c . . . − (−3)k−2 · 2−1c : |
0n | : 20d 2−1d . . . − 2+1d : ‖ negative echo,
where each element is evaluated,modulo n,within the interval [0, n].When interpreted modulo n+1, this arrangement
of the elements of Z⊕n is a da capo directed terrace for Zn+1.
Proof. Similar to the proof of Theorem 2.6. If c <n/2 then, as n ≡ 3 (mod 4), we have d = (2c + 1 + 3n)/4>n/2,
whereas if c >n/2 then d = (2c − 1 + n)/4>n/2. 
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Note: In the range 2<n< 750, Theorem 2.8 provides Zn+1 terraces as follows; the two large k-values warn that the
theorem is likely to fail for the corresponding n-values:
n k Can we take c = 3 · 2−2 (mod n)? Other specimen values of c
43 3 Yes (c = 33) 5, 9
251 5 Yes (c = 189) 75, 243
283 3 Yes (c = 213) 25, 55
331 11 No None
571 5 Yes (c = 429) 385, 423
683 31 No None
691 3 Yes (c = 519) 5, 7
739 3 Yes (c = 555) 23, 45
Example 2.8. For n = 43 with c = 5, Theorem 2.8 provides the Z44 da capo directed terrace
: 5 24 . . . 33 : | : 28 13 . . . 29 : | 43 | : 35 39 . . . 16 : ‖ negative echo.
None of our theorems so far covers either n=73 or 577.We now give two theorems that, respectively, ﬁll these gaps.
The ﬁrst of the two is for certain values of n with ordn(2) = (n − 1)/8. Here n = 8k + 1 for some positive integer k.
If  is any primitive root of n, then 2 ≡  (mod n)where  is a positive integer satisfying 8 = gcd(8k, ), so  = 8u
where u is a positive integer satisfying gcd(u, k) = 1. If −1 were a power of 2, say −1 ≡ 2w (mod n), then we would
have 4k ≡ 8uw (mod 8k), so k would be even. Thus −1 /∈ 〈2〉 if we take k to be odd, i.e. if we take n ≡ 9 (mod 16).
Theorem 2.9. Let n be a prime, n ≡ 9 (mod 16), such that ordn(2) = (n − 1)/8. Consider the sequence
20c 2−1c . . . 21c | 3 · 20c 3 · 21c . . . 3 · 2−1c | 0n |
3 · 2−2d 3 · 2−3d . . . 3 · 2−1d | 20d 21d . . . 2−1d ‖ negative echo,
where c is an odd integer satisfying either (n − 3)/6<c<n/3 or 2n/3<c< (5n + 3)/6, where d = n − 1 − 2c or
2n+1−2c according as (n−3)/6<c<n/3 or 2n/3<c< (5n+3)/6, and where each element is evaluated, modulo
n, within the interval [0, n]. If c is such that Zn\{0} = An ∪ −An where An = c〈2〉 ∪ 3c〈2〉 ∪ d〈2〉 ∪ 3d〈2〉, then the
sequence is an arrangement of the elements of Z⊕n and, when interpreted modulo n + 1, is a da capo directed terrace
for Zn+1. Any value c, chosen as described, can be replaced by the corresponding value 2−1d (mod n) evaluated in
[0, n].
Proof. If c <n/3, the sequence is
c . . . 2c | 3c . . . (n + 3c)/2 | n | (5n − 6c − 3)/4 . . . (3n − 6c − 3)/2 |
n − 1 − 2c . . . (n − 1 − 2c)/2 ‖ negative echo.
Checking that the fence differences do indeed compensate for the missing differences is straightforward when we
note that (n + 3c)/2>n/2 and (5n − 6c − 3)/4>n/2; each fence difference is the missing difference for a segment
adjoining that fence. The difference at the double fence is of course (n + 1)/2.
If c > 2n/3, the sequence is
c . . . 2c − n | 3c − 2n . . . (3c − n)/2 | n | (7n − 6c + 3)/4 . . . (5n − 6c + 3)/2 |
2n + 1 − 2c . . . (3n + 1 − 2c)/2 ‖ negative echo,
and checking the differences proceeds as before.
Finally we note that, if (n − 3)/6<c<n/3, then d = n − 1 − 2c and so c′, deﬁned by c′ = 2−1d = (n − 1 − 2c)/2
satisﬁes c′〈2〉 = d〈2〉 and (n− 3)/6<c′ <n/3. Further, d ′, given by d ′ = n− 1− 2c′, satisﬁes d ′〈2〉 = c〈2〉. A similar
argument deals with values of c that satisfy 2n/3<c< (5n + 3)/6. 
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Note (a): The fact that Theorem 2.9 does not cover all values of n satisfying n ≡ 9 (mod 16) and ordn(2)=(n−1)/8 is
illustrated by n=937, for which 3〈2〉=−〈2〉, whichmakes it impossible to satisfy the relationship Zn\{0}=An∪−An.
In general, Theorem 2.9 requires ±3 /∈ 〈2〉.
Note (b): In the range 2<n< 750, the coverage of Theorem 2.9 as follows:
n Possible pairs of values of c
73 13 and 23, 17 and 19, 53 and 57
89 None
233 41 and 75, 47 and 69, 165 and 185, 169 and 181
Example 2.9. For n = 73 with c = 19, Theorem 2.9 provides the Z74 da capo directed terrace
19 46 . . . 38 | 57 41 . . . 65 | 73 | 62 31 . . . 51 | 34 68 . . . 17 ‖ negative echo.
Theorem 2.10. Let n be a prime, n ≡ 1 (mod 8), such that ordn(2) = (n − 1)/4. Let c1 be an odd integer such that
0< 9c1 <n−8.Write ci+1=3ci+2 (i=1, 2) andwrite d=(c1−1)/2. Suppose thatZn\{0}=c1〈2〉∪c2〈2〉∪c3〈2〉∪d〈2〉.
Consider the sequence
: 2−1c1 2−2c1 . . . − 20c1 : | : −2−1c2 − 2−2c2 . . . + 20c2 : |
: 2−1c3 20c3 . . . − 2−2c3 : |  | : 2−1d 2−2d . . . − 20d : ‖ negative echo,
where  is 00 or 0n according as c1 ≡ 1 or 3 (mod 4) and where each element is evaluated,modulo n,within the interval
[0, n].When interpreted modulo n + 1, this arrangement of the elements of Z⊕n is a da capo directed terrace for Zn+1.
Proof. If c1 ≡ 1 (mod 4), the sequence is
: (n + c1)/2 . . . n − c1 : | : (n − c2)/2 . . . c2 : | : (n + c3)/2 . . . (n − c3)/4 : |
0 | : (c1 − 1)/4 . . . (2n − c1 + 1)/2 : ‖ negative echo.
Checking that the fence differences do indeed compensate for the missing differences is straightforward when we note
that we have raised differences at the ﬁrst two fences (but not at the third), and that each fence difference is the missing
difference for a segment adjoining that fence. The choice of d ensures that the difference at the double fence is (n+1)/2.
If c1 ≡ 3 (mod 4), the sequence is
: (n + c1)/2 . . . n − c1 : | : (n − c2)/2 . . . c2 : | : (n + c3)/2 . . . (3n − c3)/4 : |
n | : (2n + c1 − 1)/4 . . . (2n − c1 + 1)/2 : ‖ negative echo,
and checking the differences proceeds as before. 
Note (a): Simple extension of Theorems 2.3 and 2.5 to primes n with ordn(2)= (n− 1)/4 and with −1 ∈ 〈2〉 fails to
cover the value n= 577. The extension requires Zn\{0}= 〈2〉 ∪ 5〈2〉 ∪ 17〈2〉 ∪ 53〈2〉, where the multipliers 1, 5, 17, 53
are the ﬁrst four members of the sequence m1,m2, . . . described in Note (a) to Theorem 2.5. This requirement is not
satisﬁed for n= 577, for which we have the “very near miss” Zn\{0}= 〈2〉 ∪ 5〈2〉 ∪ 17〈2〉 ∪ 52〈2〉 with 17〈2〉= 53〈2〉.
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Note (b): In the range 2<n< 750 the coverage of Theorem 2.10 is as follows:
n Values of c1
≡ 1 (mod 4) ≡ 3 (mod 4)
113 – 3
281 – 19
353 – –
577 25, 37 59
593 – 7
617 9, 21, 33 3, 27, 51
All the values of c1 for n = 617 are multiples of 3 but we have no explanation for this.
Example 2.10. For n = 577, two of the Z578 da capo directed terraces provided by Theorem 2.10 are as follows; for
c1 = 25 and c1 = 59, respectively, we have
: 301 439 . . . 552 : | : 250 125 . . . 77 : | : 405 233 . . . 86 : |
0 | : 6 3 . . . 565 : ‖ negative echo,
and
: 318 159 . . . 518 : | : 199 388 . . . 179 : | : 558 539 . . . 298 : |
577 | : 303 440 . . . 548 : ‖ negative echo.
Finally in this section, we offer two theorems to cover, between them, the values n = 337, 433 and 457, which have
so far been bypassed. For each of these values, 〈2, 3〉 comprises exactly half of the units of Zn.
Theorem 2.11. Let n be a prime, n ≡ 17 (mod 32), such that ordn(2) is equal to (n − 1)/16, and such that 〈2, 3〉
comprises half of the units of Zn, with −1 ∈ 34〈2〉. Suppose that c ∈ 〈2, 3〉 and that 30c, 31c, 32c, 33c, when evaluated
in the interval (0, n), are all odd. Take d =n−1−2c or 2n+1−2c according as 0<c<n/2 or n/2<c<n. Suppose
that d /∈ 〈2, 3〉 and that 30 · 2−1d , 31 · 2−1d , 32 · 2−1d and 33 · 2−1d, when evaluated in (0, n), are all odd. Consider
the sequence
20c 2−1c . . . 21c | 31 · 20c 31 · 2−1c . . . 31 · 21c | 32 · 20c 32 · 2−1c . . . 32 · 21c |
33 · 20c 33 · 21c . . . 33 · 2−1c | 0n | 33 · 2−2d 33 · 2−3d . . . 33 · 2−1d |
32 · 20d 32 · 21d . . . 32 · 2−1d | 31 · 20d 31 · 21d . . . 31 · 2−1d | 20d 21d . . . 2−1d ‖
negative echo,
where each element is evaluated,modulo n,within the interval [0, n].When interpreted modulo n+1, this arrangement
of the elements of Z⊕n is a da capo directed terrace for Zn+1.
Proof. A straightforward extension of the proof of Theorem 2.9. 
Note: In the range 2<n< 750, Theorem 2.11 covers only n = 337, for which the only possible values of c are 81
and 85, the corresponding d-values being 174 and 166.
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Table 1
The coverage of Theorems from Section 2, and comments on the primes not covered, for 2<n< 750, with  deﬁned by ordn(2) = (n − 1)/
n Theorem or comment n Theorem or comment
3 2.1 347 2.1
11 2.1 353 2.7
17 2.2, 2.3 379 2.1
19 2.1 401 2.2
41 2.2 409 2.2
43 2.4, 2.5, 2.8 419 2.1
59 2.1 433 2.12
67 2.1 443 2.1
73 2.9 449 2.2
83 2.1 457 2.12
89 2.6 467 2.1
97 2.2, 2.3 491 2.1
107 2.1 499 2.4
113 2.7, 2.10 521 2.2
131 2.1 523 2.1
137 2.2, 2.3 547 2.1
139 2.1 563 2.1
163 2.1 569 2.2
179 2.1 571 2.8
193 2.2, 2.3 577 2.10
211 2.1 587 2.1
227 2.1 593 2.7, 2.10
233 2.6, 2.9 601 = 24; −1 /∈ 〈2〉; 〈2, 3〉 = Zn\{0}
241 = 10; −1 ∈ 〈2〉; 〈2, 3〉 = Zn\{0} 617 2.7, 2.10
251 2.8 619 2.1
257 = 16; no c-value for Theorem 2.7 641 2.7
281 2.7, 2.10 643 2.4
283 2.4, 2.8 659 2.1
307 2.4 673 = 14; −1 ∈ 〈2〉; 〈2, 3〉 = Zn\{0}
313 2.2, 2.3 683 = 31; no c-value for Theorem 2.8
331 = 11; no c-value for Theorem 2.8 691 2.4, 2.8
337 2.11 739 2.4, 2.8
Example 2.11. For n = 337 with c = 81, Theorem 2.11 provides the Z338 da capo directed terrace
81 209 . . . 162 | 243 290 . . . 149 | 55 196 . . . 110 | 165 330 . . . 251 |
337 | 332 166 . . . 327 | 218 99 . . . 109 | 185 33 . . . 261 | 174 11 . . . 87 ‖
negative echo.
Theorem 2.12. Let n be a prime, n ≡ 1 (mod 12), such that ordn(2) is equal to (n − 1)/6, and such that 〈2, 3〉
comprises half of the units of Zn. Suppose that c ∈ 〈2, 3〉 and that 30c, 31c, 32c, when evaluated in the interval (0, n),
are all odd. Take d = n − 1 − 2c or 2n + 1 − 2c according as 0<c<n/2 or n/2<c<n. Suppose that d /∈ 〈2, 3〉 and
that 30 · 2−1d, 31 · 2−1d and 32 · 2−1d , when evaluated in (0, n), are all odd. Consider the sequence
: 20c 2−1c . . . − 21c : | : −31 · 20c − 31 · 2−1c . . . + 31 · 21c : |
: 32 · 20c 32 · 21c . . . − 32 · 2−1c : | 00 | : −32 · 2−2d − 32 · 2−3d . . . + 32 · 2−1d : |
: 31 · 20d 31 · 21d . . . − 31 · 2−1d : | : −20d − 21d . . . + 2−1d : ‖
negative echo,
where each element is evaluated,modulo n,within the interval [0, n].When interpreted modulo n+1, this arrangement
of the elements of Z⊕n is a da capo directed terrace for Zn+1.
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Proof. Similar to the proof of Theorem 2.11. 
Note: In the range 2<n< 750, Theorem 2.12 covers n = 433 and n = 457, for each of which we may take c = 115.
Example 2.12. For n = 433 with c = 115, Theorem 2.12 provides the Z434 da capo directed terrace
: 115 274 . . . 203 : | : 88 44 . . . 257 : | : 169 338 . . . 132 : | 0 |
: 195 314 . . . 43 : | : 173 346 . . . 130 : | : 231 29 . . . 101 : ‖ negative echo.
For the range 2<n< 750, Table 1 shows which primes n satisfying n ≡ 1 or 3 (mod 8) are covered by Theorems
2.1–2.12 inclusive. The table also gives details of the properties of the six such primes not covered.
3. Zn+1 terraces with n = p2 where p is an odd prime
The following three theorems provide constructions for Zn+1 terraces with n=p2 for certain odd primes. Of course,
we have n ≡ 1 (mod 8) throughout.
Theorem 3.1. Let n=p2 where p is a prime,p ≡ 3 or 5 (mod 8), and 2 is a primitive root of n.Take c to be a multiple of
p that satisﬁes 0<c<n/2. Set d = 2c± (n+ 1)/2 according as 0< 2c <n/2 or n/2< 2c <n. Consider the sequence
: −21c − 22c . . . + 20c : | 00 | : −2−1d − 2−2d . . . + 20d : ‖ negative echo,
where each element is evaluated,modulo n,within the interval [0, n].When interpreted modulo n+1, this arrangement
of the elements of Z⊕n is a da capo directed terrace for Zn+1.
Proof. The choice of d ensures that d is odd and that the difference at the double fence is (n + 1)/2. The missing
difference within the ﬁrst segment is c, which occurs at the ﬁrst fence. The missing difference from the second segment
is −2−1d, and this is compensated for at the second fence, as −2−1d = n − (n + d)/2 = (n − d)/2<n/2. 
Note: In the range 2<n< 750, Theorem 3.1 covers the values n = 9, 25, 121, 169 and 361.
Example 3.1(a). For n = 25 with c = 10, Theorem 3.1 provides the Z26 terrace
: 5 10 : | 0 | : 9 17 21 23 24 12 6 3 14 7 : ‖ negative echo.
Example 3.1(b). Theorem 3.1even works (with two half-cycle segments each having just a single element) for p = 3,
c = 3, for which it gives the Z10 terrace
: 3 : | 0 | : 4 2 1 : ‖ negative echo.
Theorem 3.2. Let n=p2 where p is a prime, p ≡ 7 (mod 8), such that ordp(2)= (p−1)/2 and ordn(2)=p(p−1)/2.
Take c to be a multiple of p that satisﬁes 0<c<n/2. Set d = n − 2c ∓ (n + 1)/2 according as 0< 2c <n/2 or
n/2< 2c <n. Consider the sequence
21c 22c . . . 20c | 00 | 2−1d 2−2d . . . 20d ‖ negative echo,
where each element is evaluated,modulo n,within the interval [0, n].When interpreted modulo n+1, this arrangement
of the elements of Z⊕n is a da capo directed terrace for Zn+1.
Proof. As p ≡ 7 (mod 8), the values ordp(2) and ordn(2) are both odd, whence −1 /∈ 〈2〉 in Zn and Zp. The choice
of d ensures that d is even and that the difference between d and n − 2c at the double fence is (n + 1)/2. The missing
differences within the ﬁrst two non-trivial segments are c and 2−1d; as these both lie in [0, (n − 1)/2)] they are
compensated for by the fence differences involving 00. 
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Note: In the range 2<n< 750, Theorem 3.2 covers only the values n = 49 and 529.
Example 3.2. For n = 49 with c = 7, Theorem 3.2 provides the Z50 terrace
14 28 7 | 0 | 5 27 . . . 20 10 ‖ 35 21 42 | 49 | 44 22 . . . 29 39.
Theorem 3.3. Let n=p2 where p is a prime,p ≡ 17 (mod 24), such that ordp(2)=(p−1)/2 and ordn(2)=p(p−1)/2.
Take c to be a multiple of p that satisﬁes n/3<c< 2n/3 and c ≡ 1 or 2 (mod 4). Set d = (c − 1)/2 or (c + n + 1)/2
according as c ≡ 1 or 2 (mod 4). Consider the sequence
: −2−1c − 2−2c . . . + 20c : | : 2−1 · 3c 20 · 3c . . . − 2−2 · 3c : | 00 |
: 2−1 · 3d 2−2 · 3d . . . − 20 · 3d : | : −21d − 22d . . . + 20d : ‖ negative echo,
where each element is evaluated,modulo n,within the interval [0, n].When interpreted modulo n+1, this arrangement
of the elements of Z⊕n is a da capo directed terrace for Zn+1.
Proof. As p ≡ 17 (mod 24), we have p ≡ 5 (mod 12) and p ≡ 1 (mod 8), so that 3 /∈ 〈2〉 and −1 ∈ 〈2〉.
If c ≡ 1 (mod 4) then the value 2−1c = (n + c)/2 is odd and n/2< 2−1c <n. If c ≡ 2 (mod 4) then 2−1c is again
odd and 0< 2−1c <n/2. Thus the difference at the double fence is 2−1c − d = (n + 1)/2 or d − 2−1c = (n + 1)/2
according as c ≡ 1 or 2 (mod 4).
The fence differences involving 00 will compensate for the differences missing from within the second and third
non-trivial segments provided that −2−2 ·3c <n/2 and 2−1 ·3d <n/2. Now if c ≡ 1 (mod 4) then 2−2 ·3c=(3c+n)/4
so that −2−2 · 3c = n − (3c + n)/4 = 3(n − c)/4<n/2 and 2−1 · 3d = 3(c − 1)/4<n/2, whereas if c ≡ 2 (mod 4)
then 2−2 ·3c= (3c+2n)/4 so that −2−2 ·3c= (2n−3c)/4<n/2 and 2−1 ·3d =3(c+n+1)/4−n= (3c+3−n)/4
<n/2. 
Note: In the range 2<n< 750, Theorem 3.3 covers only n = 172 = 289, for which the possible values of c are 102,
153 and 170.
Example 3.3. For n = 289 with c = 153, we have 2−1c = 221>n/2, whence d = (c − 1)/2 = 76. Thus Theorem 3.3
provides the Z290 terrace
: 68 34 17 153 : | : 85 170 51 102 : | 0 |
: 114 57 . . . 122 61 : | : 137 274 . . . 38 76 : ‖ negative echo.
4. Zn+1 terraces with n = 3r
Theorem 4.1. Let n = 3r where r > 1. Consider the sequence
: −2−1c1 − 2−2c1 . . . + 20c1 : | : −2−1c2 − 2−2c2 . . . + 20c2 : |
. . . | : −2−1cr−2 − 2−2cr−2 . . . + 20cr−2 : | 3r−1 |
00 | : −2−1b − 2−2b . . . + 20b : ‖ negative echo,
where
(i) each element is evaluated, modulo n, within the interval [0, n],
(ii) cr−2 (r > 2) is assigned the value 2 · 3r−2 or the value 2 · 3r−2 + 3r−1,
(iii) the values ci−1 (i = r − 2, r − 3, . . . , 2) are then obtained successively from ci−1 = 2 · 3r−1 − ci/3 or 3r − ci/3
if ci is even, and from ci−1 = 2 · 3r−1 − ci/3 or 3r−1 − ci/3 if ci is odd, and
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(iv) the value b is then obtained by evaluating d = 2−1c1, modulo n, so that 0<d <n, and taking b = d ± (n + 1)/2
according as 0<d <n/2 or n/2<d <n.
When interpreted modulo n + 1, the sequence is a da capo directed terrace for Zn+1.
Proof. The element −2−1cr−2 at the start of the (r − 2)th segment is even, and the values of −2−1ci (i = r − 2,
r − 3, . . . , 1) are readily seen to alternate in parity. Thus d is even precisely when r is even. Consequently b is odd, so
that −2−1b<n/2, as required for a non-rising fence difference after the entry 00.
Clearly (n + 1)/2 occurs as the difference at the double fence.
We next show that, to the left of the entry 00, the missing difference within a segment is always compensated
for by the following fence difference. Consider, for example, the subsequence −2−1ci−1 . . . ci−1| − 2−1ci where
ci−1 = 2 · 3r−1 − ci/3. If ci is even, then 2−1ci−1 = 3r−1 − ci/6 and the fence difference is (3r − ci/2) − 2 · 3r−1 +
ci/3 = 3r−1 − ci/6 also. If ci is odd, then −2−1ci−1 = (ci/3 + 3r )/2 − 3r−1 = (ci + 3r )/6, and the fence difference
is 2 · 3r−1 − ci/3 − (3r − (ci + 3r )/2) = (ci + 3r )/6 also. The other cases are dealt with similarly.
Finally consider the subsequence −2−1cr−2 . . . cr−2 | 3r−1. If cr−2 = 2 · 3r−2, the subsequence is 8 · 3r−2 . . .
2 ·3r−2 | 3r−1; the missing difference is −8 ·3r−2=3r−2 and the fence difference is also 3r−2. If cr−2=2 ·3r−2+3r−1,
the subsequence is now 2 · 3r−2 . . . 5 · 3r−2 | 3r−1; the missing difference is 2 · 3r−2 and the fence difference is
5 · 3r−2 − 3r−1 = 2 · 3r−2 also. 
Note (a): For each n satisfying n = 3r , Theorem 4.1 yields 2r−2 terraces for Zn+1.
Note (b): In the range 2<n< 750, Theorem 4.1 covers the values n = 9, 27, 81, 243 and 729.
Example 4.1(a). For r = 2, Theorem 4.1 yields the Z10 terrace in Example 3.1(b).
Examples 4.1(b). For r = 3, Theorem 4.1 yields the following two Z28 terraces:
: 24 12 6 : | : 9 : | 0 | : 5 16 8 4 2 1 14 7 17 : ‖ negative echo
and
: 6 3 15 : | : 9 : | 0 | : 10 5 16 8 4 2 1 14 7 : ‖ negative echo.
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